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Bai 7. Am hoc hai chiéu

Phuong trinh song 4m hai chiéu. Luéi sai phan vudng. Dinh luat bao toan ¢ dang sai phan.
Tinh todn cac dai lugng hé tro (“dai lugng 16n™) béng phan rad gidn doan. Dat diéu kién bién. Tinh
dai lugng “lon” trén bién.

So d6 sai phan (2.5) duogc viét trong bai 2 dé tinh tich phan phuong trinh 4m
hoc mét chiéu kha don gian, tuy nhién né khong hoan toan tim thuong khi 4p dung
cho trudng hop hai hay ba chiéu. Bé minh hoa ching ta s& cling xem xét cach ap dung
n6 cho hé phuong trinh vi phan, biéu dién sy lan truyén cia séng am trong hai chiéu

khong gian x va y, c6 dang:
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O day u=u(x,y,t) v=v(x,y,t) — hai Hinh 7.1

thanh phan van téc ciia moi truong (tuwong
ting theo chiéu x va y), p= p(x,y,t) — ap suat trong moi truong. Cac hang sé p, va
¢, ¢6 y nghia gidng nhu trong truong hop mét chiéu, duoc viét trong bai 1.

Pé xay dung so d6 sai phan ching ta bat dau tir viéc tao ludi sai phan. Dé don
gian ta st dung luéi hinh vudng déu nhu hinh 7.1. Luéi duoc tao thanh tir hai ho
dudng thang. Ho dau tién — cac duong thang x =X, song song Véi truc y. Ho thit
hai — cac duong thang y=y,, song song truc x. Gia thiét dai luong h =x, — X,

giong nhau d6i véi moi gia tri j, con h =y, —y,, — v6i moi gid tri k, ching duoc
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goi 1a cdc budc luéi theo chidéu x va y tuong tng. Hinh vudng c6 cac dinh
(X, 2 Ve (X Ve D (X0 Vi b (X, 10 v, ) duoc goi 136 Tusi sb (j—1/2,k —1/2).

Céc ham u(x, y,t),v(x, y,t), p(x, y,t) md ta trang thai moi truong tai thoi diém t
, s& dugc xem la ¢ dinh trong khudn khé mot 6 ludi va cac hang sé nay dugc danh sb
trong tng 6 ludi. Vi du dbi véi 6 ludi sé (j—1/2,k—1/2) cac hang sb nay la

u \'

j-1/2k-1/21 Vij1/2,k-1/2" pj—llz,k—llz'

Qua trinh tinh dugc tién hanh tuan tu ting budc theo thoi gian. Trong cac budc
tinh riéng biét, gia tri {(u,v, p), ... tai thoi diém t=t,dugc st dung dé xéac dinh
C4c gid tri ndy, trong ting 6 ludi, tai thoi diém tiép theo t=t, + 7, 7— budc thoi gian.

Gia tri ciia chdng tai thoi diém t=t, + 7 s& duoc danh sé o phia trén: (u,v, p)' ™",

Pé thu dugc cac cdng thic tinh, ching ta sir dung cac hé thirc, 13 cac dinh luat

bao toan khdi luong, dong luong cho bai toan am hoc dang xét:

§} poudxdy + pdydt =0
f} pvdxdy + pdxdt =0 . (7.2)
f} pdxdy + p,c; (udydt +vdxdt) =0

Cac tinh phan ¢ vé trai c6 thé tinh theo moi mat kin trong khdng gian ba chiéu x, y,t.
Hé phuong trinh vi phan (7.1) chinh 1a hé qua tir cac dinh luat bao toan nay.
Xét dang thie dau tién (7.2):

f} pyudxdy + pdydt =0

d6i vai 6 lusi (j—1/2,k —1/2) trong khoang thoi gian 7. Ta co

pou ™ —u [ [lx, i t)- plx, L, y.t)ydt =0,(7.3)
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Trong cong thic ndy hang tir jt”jyy p(x,,y,t)dydt Ia tich phan trén bién nim giira
cac 6 ludi (j—1/2,k—1/2) va (j+1/2,k—1/2). Toa d6 x doc theo dudng bién nay
khong doi va bang x,. Khac véi truong hop mét chiéu dugc xét & bai mot, ap suat
p(Xj , y,t) thay doi doc theo bién 6 ludi, tham chi tai thoi diém t = t,, bén trong 6 ludi
(j—1/2,k—1/2) va (j+1/2,k—1/2) cac thong sé co dinh va budc thoi gian 7 rat
nho. Tinh bt bién s& bj pha v& quanh cac diém goc, noi xuat hién dong chay phuc tap
nhiéu chiéu. Tuy nhién khi xay dung so d6 sai phan ching ta s& bo qua diéu nay, xem
p(x,, y,t) khong ddi trong khoang thoi gian tir t, t6i t, +7. Gid tri khong ddi nay
dugc ki hiéu P, ,,. Hién tai, sau khi thu dugc nhiéu thanh qua khi ding so do nay,
gia thiét trén c6 vé 1a dung. Tuy nhién lac so dd6 mai duoc xay dung, rat kho quyét
dinh di budc nay. Nam 1956 K.V Brushlinsky da xay dung duoc so dd cho phuong
trinh &m hoc véi 1oi giai tinh toan chinh xac & gdc, theo cac 10i giai ham bat bién cua
S.L. Sobolev. So sanh két qua thu duoc khi st dung so d6 nay va so do “thé” ma
chung ta dang mé ta, cho thay ching tring nhau trén thyuc té. Chi khi d6 moi quyét
dinh str dung so d6 “thd” nay. Nghién ctu cta K.V Brushlinsky dugc tién hanh theo

séng kién va dudi su dan dat cua 1.M Gelfand.
Quay tré lai véi viéc md ta so do. Véi giai thiét p(x,,y,t)=P,, ,,, tir cdng thirc

(7.3)tacod

j-1/2,k-1/2

2, (U hh, +20, (P, =P i, )=0 (7.5)

jk-1/2 j-1k-1/2

- uj—1/2,k—1/2)

Tuong tu ddi véi cac dang thac khac trong (7.2):

,00(\/1._1/2*_1/2 Vivox 1/2)h h +17h ( Jk -1/2 PJ Lk 1’2)_ )
(pjillzykillz - pj—l/Z,k—l/Z)hxhy +70,C, hy( jk-1r2 J Lk 1’2)+ (7.6)
+ TpOC§hX (Vj—llz,k J -1/2,k 1) 0
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Trong cac cbng thac nay, tam thoi cac dai luong P,U,V chua duoc xac dinh,
ching phai duoc tinh trén cic bién cua 6 ludi (chung ta goi chung la cac dai luong
“l6n™). Twong tu nhu trudng hop so dd mot chiéu, dé tinh cac dai luong ndy, ching ta
st dung bai todn mé phong “phdn ra gian doan”.

Gia sir trong nira mat phang x < X, trang thai cua mdi truong tai mot thoi diém

nao d6 dugc mo ta boi cac hang sé (u,v, p) trong nira mat phang x > X, — cac

j-1/2k-1/21

hang s (u,v, p)

jH/2k-1/2"
Khi d6, nhu da thay o bai 1, song am duoc hinh thanh va lan truyén qua sang phai va
trai véi van toc am thanh c,; trén duong x = X, gia tri u, p duoc tinh theo cong thirc

tuong tu (1.12):

u=U _ uj—1/2,k—l/2 + uj+l/2,k—l/2 _ pj+1/2,k—l/2 - pj—l/Z,k—l/Z
- jk-1/2 —
: 2 2p,C
00 (77)
p= o) . pj—1/2,k—l/2 + pj+l/2,k—1/2 0.C uj+1/2,k—1/2 _uj—1/2,k—1/2
= Uik — — Fo%o
! 2 2

Chilng s& duoc str dung trong cac cong thuc (7.5) va (7.6). Chl y rang dai luong

V,, ., khdng xuét hién & day vi khong can thiét phai xac dinh no.

Pé tinh dai lugng “lén” P21V 12, ching ta cing xem xét bai toan tuong ty

vé phan ra gian doan, xay ra néu nhu mai truong trong ving y <y, dic trung bai cac
théng s6 (u,v, p)

con khi y > y,— cac thong s6 (u,v, p) Trén duong

j-1/2,k-1/2" j-1/2,k+1/2 *
y=y, taco

V=V _ Vj—1/2,k—l/2 +Vj—l/2,k+l/2 _ pj—1/2,k+1/2 - pj—1/2,k—l/2

J*l/z,k 2 2pOCO
(7.8)
_ _ pj—1/2,k—l/2 + pj—1/2,k+1/2 Vj—1/2,k+1/2 _Vj—1/2,k—1/2
p= Pj—l/2,k - — PoCo
2 2

Dai luong U, khong can thiét phai xac dinh.
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j-1/2,k-1/2
Tur cdng thuc (7.5), (7.6) ta co gia tri cac dai luong (u.v, p) tai
thoi diém t =t, + 7 (tac 12 & 16p “phia trén”):
i1/2k-12 T
u’ - uj—l/Z,k—l/Z - h (Pj,k—l/Z - Pj—l,k—llz )’
0" x
j-1/2k-1/2 _ T
V! - Vj—l/2,k—l/2 - h ( j-1/2k Pj—l/Z,k—l)’
0
’ (7.9)
j1/2k-1/2 _ T 2
pJ - pj—1/2,k—1/2 - h_poco (U jk-1/2 -U j—l,k—llz)_

X

T
— h_'OOC; (Vj—1/2,k _Vj_llz,k—l)

y
va su dung cac cong thac (7.7), (7.8) thu dugc cac cong thirc tuong minh phu thudc
CAC Gia tri J(U,V, P), 1., tai thoi diém t, (& 16p “dudi”). C6 thé chitng minh rang hé
phuong trinh sai phan nay x4p xi bac mot hé phuong trinh vi phan (7.1) néu nhu céc

ham u(x,y,t),v(x,y,t), p(x y,t) du muot.

Cho dén bay gid ching ta dan ra so do sai phan dua trén gia thiét, rang ludi
khdng bi giéi han trong hai chiéu x,y. Trén thuc té ving tinh toan luén bi gigi han, vi
thé can cho diéu kién trén bién. Pé don gian, chung ta xét truong hop khi ving tinh
toan la hinh chix nhat bi gi¢i han béi cac dudng x=x,, X=X,y =Y, y=Y,. Pé tinh tat

) j-1/2,k-1/2

ca cac gid tri (u,v,p st dung hé (7.9) can thém cac cdng thire dé tinh cac dai
luong 16N sau:

F)O,kfilJZ’UO,kfl/z tai bién tré.i X= XO
F)Jykfjjz ’ U-],k*l/Z tai bién tré.i X= XJ

]

Pivox: Yok tai bién trai y = Y -
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Xét trén khoang y,, <y<y, bién trdi. Tuong tu truong hop mot chiéu, dai
luong 16n ¢6 thé tinh théng qua bat bién Riemann doc duong dic trung dx/dt =—c, hé

phuong trinh 1D:

a_u+ia_p:0
ot p, OX
op , OuU
ot Pobo ox
N_g

ot

0 (7.10)

thu dugc tir (7.1) bang céach loai bo dao ham theo y. Khi dé ta c6

1 1
Uo,k—1/2 __C PO,k—l/Z = ullZ,k—l/Z __C pllZ,k—llZ (7-11)

oCo PoCo
Néu nhur trén bién x = x, dat diéu kién
oy (Y. 1) u(%, Y1)+ By (¥.1) P(Xo, Vi) = fy (V1) (7.12)
thi xap xi cua no trén khoang vy, , <y <y, sé la
A Mo w2 + BoxwoPoxwz = foxws - (7.13)

Tur (7.11) va (7.13) ta c6 thé tinh Uy, ,,,P,, ., Diéu Kkién can la

“o(yit) ﬂo(y’t)
1 |#0

PoCo

1 —

nhu diéu kién dau (5.2) trudng hop mot chiéu.

Néu nhu diéu kién bién c6 dang tong quat hon (7.12) va c¢6 chira ham v(x,, y,t)

thi sau khi xap xi n6 c6 dang
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aO,k—lIZUO,k—ll2 +ﬂ0,k—1/2 PO,k—l/Z + 70,k—1/2V0,k—1/2 = fO,k—l/Z )

C6 thé loai bo Vyiv» tr phuong trinh ov/ét trong he (7.10): V,, .y, =Vy, . Tuong tu

cho cac dai luong lén (P,U) tai bién phai x=x,. Khi d6 h¢ thic (7.11) duoc thay

J,k-1/2
thé bang
1

Ut P ka2 =Usaokre —— Praok-va
0Co PoCo

bicu dién bt bién u+p/(p,c,) doc duong dic trung dx/dt=c,, dong thoi s dung

diéu kién cho bién phai.

Dé tinh cac dai luong 16n & bién dudi (y=y,) vatrén (y=y,)cua vung tinh, str

dung hé phuong trinh mét chiéu

M _g

ot

o 1 (7.14
ot p, 0y

PN

+ p,C 0
ot pooax

thu dugc bang céach loai bo dao ham theo x trong (7.1). Cac budc ké tiép twong tu

nhu & trén.



