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l. Pit van dé cho bai toan

Khi xét cac bai toan chira phuong trinh vi phan dao ham riéng, ching ta

thong nhat sir dung cac ki hiéu tuong duong sau: u, = %u u = 2—“ dé chi dao
X

ham riéng bac nhit ciia ham s u(x,t) theo bién t bién x tuong tng. Tuong tu
o°u ou

t a.tz ) uttt = E ’

theo bién t.

u ... la dao ham riéng bac hai, bac ba, ... cia ham u(x,t)

: : ou ou .
Xét bai toan bién cd phuong trinh E+&=o trong mién

D={(x1):0<t<L 0<x<1}, voi didu kien diu u(0,x)=¢(x) (0<x<1) va
diéu kién bién u(t,0)=w(t) (0<t<1). Theo ngén ngit toan hoc, bai toan dugc

phat biéu nhu sau:

+u =0 (t>0,0<x<1),
u(0,x)=p(x)  (0<x<1),
u(t,0)=w(t) (0<t<1)

hay c6 thé viét theo dang toan tir:



8_u+6_u t>0, 0<x<1
ot Ox

Lu={u(0,x) 0<x<1
N u(t,0) o0<t<1
Lu=f véi

0

f=Jp(x) 0<x<1

w(t) 0<t<1

Mién tinh toan 1a hinh vuéng D={(t,x)|0<t<210<x<1}. Chia mién

D thanh céc & ludi, V6i toa do céc nat ludi la (x,,t*) trong d6 doan x &[0]

dugc chia thanh n doan, toa do cac diém X, = jh, j=0,n, h=21 h— buse
n

lugi theo toa do khong gian. Poan t e [O;l] chia thanh m doan, véi toa do cac

diém t* =kz, k=0,m, 7 ==, 7— budc ludi theo thoi gian. Gia tri ham u(x,t)
m

tai cac nat ludi (x,,t*) dugc ki higu 12 u* véi quy woc chi s6 k phia trén 1a chi
s6 theo thoi gian t, con chi s6 j phia dudi 1a chi s theo toa do khong gian X

(xem Hinh 1).

r u(x,t)

tL

Hinh 1 — Khong gian tinh toan

Trong khuon kho bai viét nay phuong phap sai phan hitu han duoc sir

dung dé tim 10i giai cho bai toan dit ra ¢ trén.



Pé xap xi dao ham riéng chung ta str dung mot s cong thie sai phan nhu

Sau.

Cong thic sai phén tién:

u(x,,t4)= = (x,t ):u. Y or)
T
) us, —u
u,(x.1)= 2, 1) === =+ Ofh)
Cong thurc sai phan lui
004, t)= L) = 1M 00
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Theo trén, dao ham riéng bac nhat dugc Xap xi véi do chinh xac bac nhat
d6i vai sai phan tién va sai phan 10i, bac hai d6i voi sai phan trung tam.
Ngoai ra, dao ham bac nhat c6 thé xap xi voi do chinh xac bac hai theo

cong thirc sau®;

k k
u (x,,t)= (Zl:(xj,tk): Uy ~ AU, U +0(h?)

Tiép theo, chiing ta s& nghién ctu cu thé hon vé bac xap xi, tinh on dinh

va bac hoi tu cua cac so do sai phan.

Day 1a cong thie sai phan sur dung khuon mot huong, thuong s dung dé xap xi gradient cua cac ham
s tai cac diém bién. DSi vai cac diém trong ciia mién tinh toan, ta thudng cd xu huéng st dung cac cong thirc
sai phan v6i khudn dbi xang.



I, M@t so so @6 sai phin co ban
1. So dd twong minh?

o So dd twong minh goc trai

Cong thire sai phan cho so d6 goc trai: Gik+1)
k+1 k k k
u —-u. U —u
] J + J j-1 — O (1 1) B 5
T h (-1,k) G.k)
o So d0 twong minh géc phai
Cong thire sai phan cho so d6 goc phai: —
k+1 k k k
u —-u u.,—Uu
J J i+ - o o
r + h =0 (12) G.k) G+1,k)

2. So d6 khong twdng minh®
o So 6 khong twong minh goc trai

Cong thtrc sai phan cho so do goc trai: o

W
(-Lk+1)

i M i MY
T " h =0 (2.1) (k)

o So @6 khong twong minh géc phai

Cong thire sai phan cho so d6 goc phai:

i,k j+1,k+
Gkt1)  GHLKHI)

e B s R (2.2)

Gk

Déi véi so d6 tuong minh gia tri ham trén 16p T+ 7 dugc tinh thong qua 16p T va trude do

® Khi sir dung so dd khong tuong minh, gi tri ciia ham tai thoi dlem bt ki dwoc tinh thong qua gid tri
ctia ham tai cac thoi diém trudce ciing nhu sau thoi diém dang xét. Chi y rang, thoi diém dang noi dén ngu y 1a
cac 16p theo toa d¢ thoi gian.



3. Bac xAp xi, tinh on dinh va hdi tu ciia so' dd sai phén

O phan nay, chung ta s& xem xét ti mi hon cac vin dé lién quan dén bac
Xap xi, tinh 6n dinh va bac hoi tu cia cac so do sai phan. Néu ban van con cam
thay la I1am khi doc nhing thuat ngit nay, xin hay xem bai viét vé cac khai niém

ban du cua chung toi.

Céc van dé nay s€ dugc xem xét mdt cach cu thé qua vi du so dod sai phan
1.1 d3 ndi & trén. Céc ban s& hiéu dugc lam thé nao dé dua ra cac gia tri nhu bac
Xap xi, bac hoi tu hay chimg minh duoc tinh 6n dinh hodc khong 6n dinh cua
mot so do sai phan. Cubi cung, ban s¢ duoc goi y thuat toan dé kiém nghiém
cac gia tri ndy nho vao sb liéu tinh toan thuc té trén may tinh. Sau khi hiéu dugc
nguyén 1y co ban cac budc khao sat mot so dd sai phan qua vi du cu thé nay, cac
ban di c6 thé tu minh tim hiéu tiép cac so do tiép theo tiiy vao muc dich va so

thich riéng cua tung nguoi.
. So d0 sai phén 1.1
>  Bac xap xi
Ttr cong thirc sai phan (tién, lui) d& dang nhan thay ca bon so do trén déu
¢ x4p xi bac mot theo 7 va theo h.
Chirng minh:
Khai trién Taylor* cac ham u*", u*, tai lan can diém (xj t) ta duoc:

u“t—u* o 0’
BB )+ L +),

k_ gk 2
B B ) DO (v a)

trong do: O<n<7,0<&<h.

4 St dung cong thuc phan du Lagrange cho khai trién Taylor. O déy ta ciing gia thiét ring ham sé dang
xét kha vi dén bac hai



Tur do suy ra:

k+1 k
u. —u.

i g

T h

2

r@zu v _Ea u k
(xj;t“)—i_E ot? (Xj’t +77) 2 Ox> (Xj +‘§’t ):

uf—u', (au 8u)
= —+ —
ot oX

2 2
hay: &, :%a L:(xj,tk +,7)_22XL2‘ (x, +&,t°).

2

Suy ra: |, | < ;[Cusup +supa u jh vGi Cu = E

Ox?

Theo dinh nghia vé bac xap xi, so dd dang xét Xap xi dao ham riéng bac

o°u
ot

o’u
Ox?

o’u
atZ

Tém lai: | &, | <ch vsi c=;[Cusup +sup

nhat d6i v&i h, (hay c6 thé viét so dd (1.1) c6 bac xap xi 1a mét, hodc so dd

(1.1) x4p xi bai toan sai phan voi do chinh xac bac mot).
> Khao sat thém vé tinh x4p xi ciia so' d6 1.1

Ap dung khai trién Taylor cho u’™, u;, tailan can diém (xj ,tk), ta dugc:

ut —ut au T 0°U ° Ou
j i Yd ky,y - “v4 . e k
r - at (Xj’t )+ 2| atz (Xj’t )+ 3| at3 (Xl’t +77)’
u‘—u’, éu h &%u h? o°u
j j-1 — - ’ k - ’ k — " x + ,tk
Suy ra:
kel ok Kk 2 2
uj uj —|-uj ujl:(a_u+8_u) +Zalj(x.,tk)—hal:(x.,tk)+
T h ot OX (xj;tk) 2 ot ! 2 OX !
* ou ) h* o°u )
+§¥(Xj,t +n)+§8h3 (Xj+§,t )
2 2
Tu phuong trinh bai toan suy ra: aat—u:—%: Ztl: = lej Thay vao

phuong trinh phia trén ta thu dugc:



h o°u

kel ook kK
SR W Bl (au au) ~(Cu-1)—+ (X.,tk)+
T h ot oOx ) 2 ot
? o%u h? 6°u
+?;!6’[3'(Xj’tk +77)+38h3( J + &)

Vvé6i Cu ==,
h

4

Truong hop dac biét khi Cu =1, hoic % =1, ta co:

k+1 k k k
ut—uk ul—ul, (8u éuj

r 2o . h_283u ok
7t o (x.,t +77)+ ¥ (x +¢f,t)

( ;Ik) 3I atS

hay:

k+1 k k k
Ut —ul Ul -ul, (au au)

+0(z% + h?).
T h ot Ox

(1)

Vay, so d6 (1.1) xap xi bai toan sai phan (toan tir sai phan) véi d6 chinh

x4c bac hai’.
Khi 0<Cu <1 so db co bac xap xi 1a bac mét.
Tuong tu cho cac so dd con lai (cac so dd con lai ciing c6 bac xap xi
gidng so do (1.1) ma ta vira khao sat & trén).
> Khao sat tinh on dinh
Pé khao sat tinh on dinh cua ting so dd, ching ta sir dl_mg phuong phap
pho Fourier. Nghiém u* duoc biéu dién ¢ dang u* =u A€, véi u, 1a mét

hang sd, A va «a 1a cac s thuc bat ki. Thay vao (1.1), ta duoc :

uoﬁkﬂei(ja) _ uoﬁkei(ja) uoﬁkei(ja) . Uoﬂkei((j_l) )
+
T h

> Trén thyc té, khi g=1, so @ nay x4p xi bai toan dao ham riéng véi do chinh xac tuyét ddi (khong co
sai s6 tinh toan). Néu chung ta tiép tuc khai trién Taylor, cac hang tir tiép theo s& tu triét tiéu nhau.

Tuy vay, dat duoc q chinh xac bing 1 trong cac bai toan thuc té 12 khong thé nén ta it khi c6 thé van
dung duoc loi thé nay.



Sau khi gian uéc cho u A€’ s& dugc:

A-1 1-e™
+
T h

=0= 1 :1—;(1—e‘"’)=1—Cu +Cue™.

Theo phuong phap Fourier, so d6 6n dinh néu M‘Sl. Néu biéu dién A
trong toa do phirc, thi tap hop cac diém A théa mén phuong trinh trén 1a duong
tron tim (1—Cu,0), ban kinh Cu.

Im

Véi Cu<1: dé dang thdy rang duong tron thu duoc nam

toan bo trong duong tron don vi nén | A|<1, so do on dinh.

B
=

Voi Cu=1: duong tron thu dugc chinh la duong tron don

vinén | A]=1, so dd 6n dinh.

DK‘I}\’\W\
- =
] A

Lol

3

1
Im
p Re

Cu>1

Vi Cu>1: thi duong tron thu dugc nam phia ngoai duong

tron don vi nén trong trudng hop nay so dé khong 6n dinh.

)

Két luan:

1. Dé so dd (1.1) én dinh thi 0<Cu <1, hay %31.

2. So dd (1.1) hoi tu khi %31. Vi %>1, so d6 khong hoi tu.

> Tinh sai so

Pé tinh sai s6 két qua thu duoc ciia phuong phap chung ta dua vao khong

gian ham U, cac chuan ham.
Chuan ham thr nhat xac dinh nhu sau (goi 1a chudn mé dun cuc dai):

u,| =suplut| véi j=0,...n;k=0,....m.
jk

Khi d6 sai s6 két qua thu dugc tinh theo cong thic:

err, = mj@x‘[u]f —u!



Voi [u]ﬁ— la gia tri chinh xac cua ham u tai cac nat ludi (Xj ,tk), con U —la
gia tri thu dugc tu tinh toan cling tai nut ludi nay.

Chuan ham khac ciing duoc sir dung kha phd bién, dugce dinh nghia nhu
sau ( goi 1a chudn trung binh binh phwong (TBBP))®:

lu, ‘Z,V('Yi j=0,..n; k=0,....m.

Un

_ K
= max hzj:‘uj

Khi d6 cong thic tinh sai s 1a:

2
errLZ:mE\x\/hg‘[u]ﬁ—uﬂ .

» XAy dung thuat toan va tinh toan

Bai toan 1. Xét bai toan cu thé sau:

u +u, =0 (0<t<1, 0<x<1])
0 (0<x<0.45&0.55<x<1)
p(x) = 1)
1 (0.45<x<0.55)
w(t)=0 (0<t<])
Str dung so d6 twong minh goc trai 1.1: D)
ut —u . ui —u;, _o
T h ’
hodc c6 thé viét lai thanh: G-Lk) G:6)
By T T
ui = (1—E)u? +Eu1{1. (2)

Pé thuc hién tinh toan trén may tinh can xay dyng thuat toan va st dung
ngdn ngit lap trinh 1am coéng cu hd trg. Vi muc dich hoc tap, chiing toi sir dung

ngdn ngit lap trinh chi yéu 1a C, C++.

) ® Trong cac tai liéu tiéng Anh, chuin nay cé tén goi 1a RMS Norm hay Root Mean Square. Trong tai
ligu tieng Viét thuong duoc goi 1a quan phuong, c6 nghia 1a 1ay quan binh binh phuong.



Thuat toan:

Buwoc 1: Nhgp dir liéu

Nhdp s6 niit hedi sir dung cho tinh todn n

Nhdp gid tri s6 Courant Cu

Nhdp gid tri tong thoi gian tinh todn T
Buwéc 2: Khoi tao dit liéu va gan gid tri dau, gid tri bién

Khai tao mang diz ligu chiza gia tri tinh todan tai n nut lwdi va mot nut luol
chita gia tri 6 lwdi o bién bén trdi

Khei gan gid tri dau va gid tri bién cho cdc it hedi trong mién tinh todn va
trén bién tai thoi diém dau véi thoi gian bang 0 va toa dé cac mit lwéi dwoc tinh tir dir
liéu dau vao sir dung cong thirc (1)
Buworc 3: Lap

Tinh gid tri moi buéc lap thoi gian

Vi méi mit lwi trong mién tinh todn thuc hién tinh todn gid tri Ciia ham tqi
thoi diém tiép theo, sir dung cong thirc (2)

Kiém tra diéu kién lap, néu thoi gian Ién hon hodc bang tong thoi gian tink
toan thi thoat vong lap
Buoc 4:

Xudt dir liéu

Tinh cdc sai s6 theo cdc chudn ham da dinh nghia ¢ trén

Bai toan 2. Xét bai toan véi diéu Kién bién nhu sau:

+u, =0 (0<t<1 0<x<]
(- 0 (0<x<0.45&055<x<1)
P71 (045<x<055)

p(t)=p(t-[t)  (0<t<1) ’ 3)

& day ki hiéu [x] dé chi phan nguyén cua X .

Thuat toan x4y dung twong tu nhu bai toan thir nhat. O day, chung toi dé
cap so qua vé diéu kién bién. Van dé nay s& dugc xem xét cy thé hon trong thoi
gian t6i. Trong khuon kho bai viét nay, cac ban tam thoi chua can quan tam dén
van dé nay.

O bai toan thir nhat, chiing toi sir dung diéu kién trén bién 1a gan gia tri
cho ham bang 0. O bai toan thr hai, st dung 10i giai dang ctia phuong trinh vi
phan dé tinh gia tri cho cac nut ludi trén bién Gng Véi toa d6 cua nod theo thoi

gian tinh toan. Mot phuong phéap khac 1a van dung gia tri da tinh duoc cia ham



s6 trong cac O ludi trong mién tinh toan dé tinh gia trj trén bién nhd vao tinh

chat tuan hoan cta nd.
Chuong trinh tinh toan’:

Du6i day 1a mot doan code mau duoc viét dia trén thuat toan da néu trén.
Code dugc viét don gian st dung ngdn ngit 1ap trinh C++.

/*

* Vietnamese Computational Fluid Dynamics
* Version: 2012-18.08

* Copyright © reserved by author

* Programmer: Nguyen Ngoc Sang

* Email : vncfdgroup@gmail.com

* upwindScheme.cpp

*/

#include <iostream>
#include <fstream>
#include <cmath>
#include <iomanip>

double Cu =0

double h =0.; //space-step

doubletau  =0.; //time-step

double time =0.;

double T; [total time (S)
int n, N, M;

void Initial(double *U);

void Solver(double *U);

double exactSolver(int i, double _time);
double Errorl(double *U, double th[]);
double Error2(double *U, double th[]);
double leftTime();

void Output(const double *U);

int main(int argc, char** argv)

{
std::cout<<"\nenter space-step n = ";
std::cin>>n;
std::cout<<"\nenter the Courant number Cu =",
std::cin>>Cu;
std::cout<<"\nenter the total time T =",
std::cin>>T;

! Trong cac tai liéu chuyén nganh ciing nhu trong linh virc mé phong, chuong trinh tinh toan duoc goi
la solver



h=1./n;

tau = Cu*h;
M = (int)(T/tau);
N = n+1;
double *U = new double[N];
Initial(U);
Solver(U);
Output(U);
delete[] U;
return O;
}
double leftTime()
{
return T-time;
}
/linitialize
void Initial(double *U)
{
double eps = 1.e-6;
for(int i=0; i<N; i++)
if((0.45-eps)<=i*h && i*h<=(0.55+¢eps))
Uil =1;
else
U[i] =0
}
}

Ilexactly solved delta(x-t- ab)
double exactSolver(int i, double _time)

{
double eps = 1.e-6;
double fl =i*h - _time ;
while (fl<0.)
fl+=1;
while (fI>1.)
fl-=1.;
if((0.45-eps)<=fl && fl<=(0.55+eps))
return 1.;
return 0.;
}
/*

* for the first scheme (left corner)



*/
void Solver(double *U)

double Ul, Ur;
while (1)
{
if (time>=T)
break;
tau = std::min(tau,leftTime());
Ul = exactSolver(0,time);
for(int i=1; i<N; i++)

{
Ur =UJi];
U[i] = U[i] - Cu*(Ur - UD);
Ul =Ur;

3

time += tau;

}

//Maximum norm
double Errorl(const double *U, const double th[])
{

double delta, s;

delta = fabs(U[0]-th[0]);

for(int i=1; i<N; i++)

s = fabs(U[i]-th[i]);
if(delta < s)
delta=s;

}

return delta;

}

I/IRMS
double Error2(const double *U, const double th[])

{

double k=0.;
for(int i=1; i<N; i ++)

k += (U[i]-th[i])*(U[i]-th[i]);
return sqrt(k/n);

}
void Output(const double *U)

double th[N];

std::ofstream f;
f.open("data.dat",std::ios::out);
[[f.precision(5);



for(inti =0; 1 <N; i++)
{

th[i] = exactSolver(i,time);

f<<std::scientific<<i*h<<'\t'<<U[i] <<"\t\t"<<th[i] <<std::endl;

}

f<<std::endl;

double deltal, delta2;
deltal = Errorl(U,th);
delta2 = Error2(U,th);

f<<"Maximum Norm Error: "<<deltal<<std::endl;
f<<"RMS Error "<<delta2<<std::endl;
f.close();

}
Tir két qua thu dugc qua tinh toan, ta thu duoc két qua trong cac bang dir

liu dudi day. Qua phén tich ta s& thay rang bac hoi tu Iy thuyét cia so d6 1a bac
mot, nhung trén thuc té gia tri nay s& nho hon mot kha nhiéu. Mot trong nhing
1y do 1am két qua khong duge nhuw mong mudn, vé sau cac ban s& hiéu, 1a do su
gian doan ciia ham sb sir dung trong tinh toan. Chiing toi s& dé cap cu thé hon
van dé nay trong cac bai viét sau. Trong khuon kho bai viét nay, ddy chi 1a mot
van dé duoc nhic dén nhu 13 mot diém nhéan tao su chu ¥ cho ban doc cha

khong dugc dao sau nghién cuu.

Tong s6 | Saiso trong chuan | Bac hoi ty trong
nut ludi trung binh binh chuan trung binh
phuong binh phu.’orng8
n 0 k
1.00E+02 1.33E-01
1.00E+03 7.37E-02 0.26
1.00E+04 4.14E-02 0.25

Bang 1 — Bac hoi ty ciia so do véi Cu=0.1

8 - 51
Bac hoi tu duoc tinh theo cong thirc: k = |Og n, g

n 2



Tong s6 | Sai so trong chuan Bac hoi tu
nut ludi trung binh binh trong chuan
phuong trung binh binh
phuong
1.00E+02 1.12E-01
1.00E+03 6.36E-02 0.25
1.00E+04 3.58E-02 0.25

Bang 2 — Bac hoi ty cia so dd véi Cu=0.5

Toéng sé | Sai sb trong chuan Bac hoi tu
nat ludi trung binh binh trong chuan
phuong trung binh binh
phuong
1.00E+02 8.05E-02
1.00E+03 4,28E-02 0.27
1.00E+04 2.39E-02 0.25

Bang 3 — Bac hoi tu caa so dd véi Cu=0.9

Vi Cu = 1, 10i giai tinh toan duoc s& ¢ d6 chinh xéac tuyét ddi, tac 1a sai
s6 gop s& bang khong. Néu van dung dugc uu thé nay (tac 1a dam bao dugc hé
thire Cu = 1) chiing ta ¢6 thé thu dugc 1o giai nho tinh toan voi do chinh xé4c
cao nhét. Tuy vay, trong cac bai toan thuc té, rat kho c6 thé dat duge diéu nay.
Mot trong nhimg 1y do d6 chinh 1a su phuc tap cua cac van dé xem xét, dong
thoi phuong trinh mé ta cac van dé nay ciing phac tap, do vay ma mién tinh
toan tré nén khong con dong nhat nita, Cu sé& thay doi qua cac nat ludi trong

sudt ca mién tinh toan.

Ciing tr phéan tich & trén, ching ta c6 thé thiy rang bac hoi tu cua so d6
khi 0<Cu <1 1a khoang 1/4 va khong may phu thudc vao gia tri caa Cu. Tuy
nhién, néu xét Vé gia tri cua sai so chtr khong phai 13 bac hoi tu ta thay ring sai
sb giam dan khi Cu ting dan t6i 1, va nguoc lai sai s6 ting dan khi Cu giam dan

t6i 0. Qua Hinh 2 chiing ta c6 thé thay r& hon diéu nay.



Cu=0.1
Cu=0.5
Cu=0.9
Theoretical Line
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Hinh 2 — So sanh 101 giai chinh xac véi loi giai tinh toan voi cac gia tri Cu khac nhau

Vi % >1 so d6 khong 6n dinh. Dé kiém chting khing dinh nay chéng toi

thuc hién tinh toan voi gia tri Cu = % =1.05. Chi sau thoi gian 0.15 [s] gia tri

tinh toan thu duoc da chénh 1éch 16n véi gia tri Iy thuyét va khong con kha ning
hoi tu vé gid tri can tim. Cac ban c6 thé thdy rd diéu nay qua Hinh 3 dudi day.
o Cac so do con lai

Déi véi so @6 (1.2) sau khi gian wéc cho u A€’ ta thu dugc:

/1=1+;(1—eia)=1+c:u—c:uei“ v6i Cu =;>o.

Ciing twong tu nhu trén, trong toa do phuc thi A la tap
hop cac diém nam trén duong tron cé tam (l+ Cu,O), ban kinh Cu. Theo hinh

V& thi | A |>1(ndm ngoai dudng tron don vi), nén so do khoéng 6n dinh.

Két luan: so d6 (1.2) khong 6n dinh véi moi gid tri 7 va h.



So d6 nay khong 6n dinh, tirc 1a khong thoa man diéu kién can cua tinh

chét hoi tu nén n6 khong hi tu.

Tiép tuc khao sat tinh on dinh cta so dd khong tuong minh (2.1) va (2.2).
bang phuong phéap Fourier.

Thay u* =u A€ vao (2.1) sau khi gian uéc cho u e’ s& duoc:

3 —

2 — Theoretical Solution
Computed Solution

ﬂ‘lﬂ(l_e_m):o:m: 1 _ 1

r h (1+E(1—e—ia)j L+ Culi—e "))

VGi Cu:;>0. m

Theo phuong phap Fourier, so d6 6n dinh khi |A[<1, hay W Re
11+ Cu(l—e™)[1.

Trong toa do phuc 1+ Cu—Cue™ 14 hinh tron tim (1+Cu,0) ban kinh Cu. D&

dang nhan thiy |1+ Cu —Cue™ |>1. Nén so dd (2.1) 6n dinh tuyét dbi.

Két luan: So d6 (2.1) ludn 6n dinh véi moi gid tri 7 va h.



Tuong tu, thay gia tri u* =u A€’’’ vao (2.2), sau khi rat gon thu duoc:

A= 1 :
(1-Cu + Cue™

. T
,voi Cu=->0.
) h

Pé so d6 6n dinh thi |A|<1, suy ra |1-Cu+Cue™ [>1. Xem xét céc

truong hop cua Cu gidng nhu trong truong hop khao sat so do (1.1).

f‘“\
. 4

Im

Re

&/

Cu <1 Im Cu=1
K‘\
\& 7

Cu>1

Chi c6 truong hop Cu>1 1 thoa man dé hinh tron thu duoc nim phia

ngoai hinh tron don vi, tirc khi d6 so d6 (2.2) 6n dinh.

Két luan: so dd (2.2) én dinh khi Cu>1 hay %21.
1. So do bac cao

. . A O\ va  n
Céc so do da xét ¢ trén deu xap xi dao ham riéng (8_) bac mat theo h.
X
Tiép theo chiing ta xem xét thém mot s6 so do sai phan x4p xi dao ham riéng (
0 : : X . 1A N
8_) bac hai theo h. Mot vi du cu thé 1a so do sai phan trung tdm bac hai. Vi sao
X

can su dung so do bac cao trong tinh todn chung ta s& ban trong nhiing cha dé
tiép theo. Trong bai viét nay chi tim cach chi ra bac xap xi va xét tinh 6n dinh

ctia chung ma chua voi thiac mac tai sao lai can sir dung.



1. So @6 sai phan trung tim bac hai dang twdng minh

j i i it _ (3.1) Gk+1)

o o o
G-1,k) G:k) (+1,k)

So dd trén sir dung sai phan trung tdm theo toa do
khong gian X. Bac Xap xi cua so dd 1a O(r +h?), (c6 nghia 13 so db c6 bac xap
xi 1a bac mot theo 7 va bac hai theo h) (viéc chirng minh thi ttr cong thic sai
phan trung tdm chung ta c6 thé rat ra duoc bac xap xi cua so dd).

Pé xét tinh on dinh cua so d6 chung ta sir dung phuong phép Fourier,

tuong tu nhu trén ta co:

/1—1+e ~® 0= i=1-iCusina véi Cu=£,isin0¢:i
T 2h h

Suy ra |4|=+/1+Cu’sin’ @ >1 Ve, so dd khong 6n dinh.
Két luan: So d6 (3.1) khéng hoi tu.

2. So @6 sai phan trung tim dang khong twong minh

k+1 k k+1 k+1 : . Tk
u - u —-u" (j-IéluI) Gk+1) (I‘;I,HI)
1 -1
L R (3.2)
T 2h

a

Gik)

Phuong phap xét bac xap xi va khao sat tinh 6n dinh gidng nhu cac so do

phia trén, dé dang chiing ta c6 cac két luan sau:
Két luan:
1. So dd c6 bac xap xi 1a O(r +h?)

2. So dd 6n dinh voi moi gia tri 7;h



3. So d0 Lax-Friedrichs

(k1)

_ C
2 M0 (33)

2 h (j-?,k) (j+°1,k)

. Khao sat bac xap xi

Str dung khai trién Taylor cac ham tai l4n can diém (Xj ;tk)

k 2 2, \K

ui,=u’+h a_u) h alj +O(h3)
OX 2\ OX ;
k 2 7 A2, \K

U —u—h 8_“j Plou) L o)
! ! ox),  2\ox* ).
k 2 7 A2, \K

UI;+1=U;(+T 8—“) L 6121 +O(rs)
at), 2ot )

Thay vao cong thuc (3.3) thu duoc:

k+1

1

u ——(uﬂl+u{1) u“ —ut k 2 \K 2 /2. N\K

L2 S jl:(équauj +L 8121 AL 8[21 +0(h?)
T 2h ot ox); 2\at" ), 2r\ox°),

k 2
:(8u+8uj +0 r+h—+h2
ot 0ox), T

néu chon gia tri 7 =0(h) thi:

1
ulj(+l _2( :'(+l + u:'(—l)

u*. —u” “
+ 2= :(éu +6u) +O(r+h2)
T 2h ot ox ).

J
Két luan: So dd 3.3 cd bac xap xi 1a bac mét theo 7 va bac hai theo h.
o Khao sat tinh 6n dinh
Sir dung phuong phap Fourier. Thay u*=u A€’ vao phuong trinh

(3.3), sau khi rat gon nhan tir chung u, A€’ thu duoc:



1 ia —ia . .
/1—2(e +e )+(e.a_e_.a)
T 2h

=0=A=cosa— i(%)sin a
hay:

A=cosa —iCusing vaoi Cu :;>O.

Mb dun |A/=-/cos’a+Cu’sin’e. So dd on dinh khi |4|<1, suy ra:

cos’ a+Cu’sin*a<1=Cu’ <1=Cu<l.
K&t luan: So @b Lax-Friedrichs én dinh khi Cu <1 hay ;31.

4. So dd Lax-Wendroff

Cong thtrc sai phan cho so do tudng minh:

Gk+1)
k+1 k k k

o—ur U, —U T

TSt T T oyt )=0 (1) |
T 2h 2h? S ST

u

o
(+1,k)

So dd c6 bac xép xi 1a bac O(z? +h?) (d& dang chimg minh dugc thong

o . 5 ~0u du
qua khai trién Taylor va str dung dang thirc o = vl
X

Két luan: So do 4.1 6n dinh khi ;S 1 (sir dung phuong phap Fourier dé chiing

minh).

Péi Vi so d6 khong twong minh, cong thirc sai phan nhu sau:

ktl |k

j uj
+

4 2h (4.2)
-2 su) =0

k+1 k+1
u uj+l - uj—l

G-Lk+1)  Gk+1)  GHLE+D)
R — ) e —

Két luan: So d6 4.2 hoi tu bac hai véi moi gia tri 7 va h



Tir ¥ twong van dung tinh on dinh cua so dd goc trai (1.1) va muc dich

nang cao bac Xap xi theo h, ta co thé xay dung so dd nhu dudi day.

S. so' dd sai phan géc trai ba diém
k+1 k k k k
u;™ —u; +3uj—4uj_1+uj 0 (5.1) -
T 2h
So dd nay c6 bac xap xi O(z +h?). TR

Pé so d6 xap xi phuong trinh sai phan véi bac hai theo 7, ta bién d6i nhu

Sau.

Theo khai trién Taylor:

kel ok k 2\
uj ui :(a_uj +%(8U] +O(2'2) (511)

T ot ) Gtzj

2 2
c u owu A T A ,
Mat khac tir phuwong trinh bai toan suyra — - = P bong thoi dung cong thirc
X

sai phan cho dao ham riéng bac hai véi ba diém ching ta co:

20\ K_2u®. +u”
[8 uj 4 o+ 2 ofh)
i

ox’ h?

Nhén ca hai vé phuong trinh trén cho ; s¢ duoc:

T 82u]k TU; —2uf, +Uu;
I = L2 10(z.h) (5.1.2)
2(8x2 ;2 h?

Tur (5.1), (5.1.1) va (5.1.2), ta c6:

k+1 k k k k
u;” —u, +3uj —4uj_1+uj B
T 2h
T
- 2(uj*—2u'1.‘71+u1{2):0
2h

Dé& dang chirng minh duoc so do (5.1) c6 bac xap xi 1a bac hai theo 7 va h.



6. So dd sai phan goc trai bon diém

V6i ¥ tudng nhu trén ching ta c6 thé ting bac xap xi cua so dd nao do

cho bai toan ban dau bang cach tang sé diém tinh toan trong mdi so do do.

Chung ta s& ¢6 gang tim so d6 co bac xap xi 1a bac ba cho bai toan ban
dau. Dau tién ta s& tim céng thirc sai phan dé xap xi dao ham riéng v6i d6 chinh
xéac bac ba. O day ching ta s dung so do sai phan lui (vi né on dinh cho bai
toan dang xét) dé xap xi dao ham riéng véi do chinh xac bac ba, ching ta can ti

bdn diém.

Sir dung khai trién Taylor s& co:

u; =uj
ouY hr(owu) h(ou)
u*lzu*—h(—j +—| 5| -=| = | +o(h*)
- ox); 2 \ox*), 3Alox’ ),
k 2 2, \K 3/ A3, \K 6.1
u?_Z:uF—Zh(a—uj +4h 81; LN 6_1: +O(h4) ©1
‘ ‘ ox); 2 \ox* ), 3 ox)
k 2 2, \K 3/ A3, \K
ut, =u' —3h(a—uj +9h 82 _z2rh alj +O(h“)
: : ox); 2 oxt) 3 (ox)

Nhan phuong trinh dau vai a, thie hai vai b, thir ba véi ¢ va thi tu véi d,
sau d6 str dung dong nhat thic hé sb cing chung dao ham cta u theo x ta s& co
hé:

a+b+c+d=0 (u") a=11

XZ

2, \¥ k
2 b - _18 4
b+4c+9d =0 ou c6 thé chon suy ra hé so (a_uj =6
0 c=9 OX

]

ox’

]

3, \K d=-2
b+8c+27d =0 (a”J

Vay so d6 sai phan s& c6 cong thic:



k

“ 11u* —18u*. +9u* . —2u"
@j ol (6.1.1)

i
Pao ham riéng duoc Xap xi chinh xac tdi bac ba theo h.
Pé so dd xap xi bac ba theo 7, ciing tir khai trién Taylor ta co:

u™ - uj _(8_U)k +3(62qu +r_2(83ujk +o(r)
i

r \at) 2lat? 6 ot

i ]

u Ju du u s :
ou_2 0 g (thu dugc tr phuong trinh ban dau cua bai toan

Tha = ,
Yo o o o
bang cach dao ham theo t va theo X) vao phuong trinh phia trén s& dugc:

u t — k 2. \K 2 (A3 0\
U, :(@_UJ LI[U) (04 o) 6.1.2)
T ot i 2\ OX j 6 \ OX i

Bay gio chiing ta s& X4p Xi sai phan cho dao ham bac hai va bac ba theo x
ctia ham u theo bac O(h?) va O(h) tuong Gng.
Ung dung khai trién Taylor ¢ (6.1) ching ta s& c6 hé phuong trinh dau

tién xét cho dao ham riéng bac hai ham u theo X nhu sau:

a+b+c+d=0 (ujk) a=2
k
2 :_5
b+2c+3d =0 (a—u] , €0 thé chon
OX | c=4
=-1

3 k
b+8c+27d =0 (a—“j
oX” ),

Vay thu dugc so dd sai phan:

k
2 2u“ —5u* +4u*. —u*
(ZXEJ = 1-1;2 o)
j

Tuong tu cho dao ham riéng bac ba ham u theo x:



a+b+c+d=0 a=1

b+2c+3d =0 , c6 thé chon b::’
b+4c+9d =0 €=

Thu duge so d6 sai phan

3 \K k k k k
u—-3u:.+3u ., —U;
(gxljj T = 1 0(h).
]

ou) (o°u)
Thay cac gia tri (éxzj (%] thu dugc o trén vao (6.1.2) s€ duoc:

]
] i

k+1 k k k k k k 2 k k k k
u;” —u; _ @ +32uj—5uj_1+4uj_2—uj_3_iuj—3uj_l+3uj_2—u4
T ot), 2 h?

j-3 3
U3 o)

Tiép theo lay so d6 phia trén cong véi so dd (6.1.1) chuyén vé cac hang

tir can thiét chiing ta s& thu duogc so d6 sai phan méi co bac xap xi bang ba theo
h nhu sau:

ut —us .\ 11u} —18uf, +9uj, —2uj,
T 6h Gk
T
——(2u* —But, +4u, —u* )+ (6.2)
2h 30 Gah Goe 0B
’ ( K _ gy 3y k )_ 0
+6h3 Uj— Uj_l+ Uj_z—uj_3 =



